Introduction
The surface of many plants and animals possesses textural features which are either periodic or random in nature with spacings and amplitudes of length scales from nanometers to hundreds of microns or even larger. Such textures provide plants and animals with enhanced interaction with the surrounding environment, including tailored attributes such as wettability, antifouling, adhesion, and hydrodynamics. For example, the scales of a large number of shark species are covered with tiny ribs aligned in the streamwise direction. This ribbed structure of a shark scale has been shown to reduce the wall shear stress by up to 10% while also exhibiting self-cleaning abilities [1] [2] [3] . The height and spacing of the riblets are seen to vary between 100-500 lm and 100-300 lm, respectively, with each scale possessing one to seven riblets [2] . Also, surfaces of rice leaves and butterfly wings are covered by hierarchical structures and directed grooves along the length of the leaves, allowing the leaves to control the flow direction of droplets [4] [5] [6] .
In this work, we use the idea of wrinkling to create ribbed structures to achieve a graded texture inspired by the shark skin. Wrinkling of the thin film occurs when the film is in compression and reaches a buckling condition [7] [8] [9] . Wrinkled surfaces have been fabricated with a variety of methods such as prestretching the soft substrate, depositing a thin film, and releasing the stretch [10] [11] [12] ; ultraviolet ozone (UVO) treatment of stretched elastomers followed by release of the stretch [13] ; focused ion beam treatment of the stretched elastomers [14] ; solvent swelling and shrinkage of a laterally confined elastomer [15] [16] [17] ; and constrained thermal expansion/shrinkage [18] . Fabrication conditions can induce initially uniform uniaxial and biaxial loading or stress states that, respectively, yield uniaxial wave forms [9, 11, 17, 18] or various biaxial wave forms [10, 19, 20] . The presence of inclusions in a composite system or other induced material or stress-state nonuniformities can produce a stress gradient stemming from the irregularity which gives a gradient in the wrinkle profile [21] . Here, we reveal the mechanics of graded wrinkling through analytical modeling and finite element simulations, showing the ability to create highly structured wrinkled topologies with prescribed gradients in amplitude and wavelength; this phenomenon is then demonstrated with representative example cases of a stiff polymer coating deposited on a soft substrate using initiated-chemical vapor deposition (iCVD).
Background: Uniform Uniaxial Wrinkling
Wrinkling is a terminology used to refer to the buckling of a thin stiff film that is bonded to a relatively softer substrate where a compressive stress state is imposed to the film by different methods. If the bilayer is compressed only in one direction, it results in a uniaxial wrinkling waveform of repeating wavelength and amplitude. This periodic wrinkling phenomenon can be explained through energy minimization: during compression of the film, buckling will become energetically favorable over uniform compression; when bonded to a substrate, the film buckling will act to locally stretch the substrate, and hence the favorable energy state will be a wavelength that finds the minimum total energy of the buckled film and locally stretched substrate. Thus, through scaling of the strain energy in the film and the substrate and assuming a sinusoidal wrinkle profile, the critical wavelength at which wrinkling occurs is found to be proportional to the thickness of the film (t) as well as the ratio of the modulus of the film (E f ) and the substrate (E s ) to the one-third power ðk $ tðE f =E s Þ 1=3 Þ [22] . For the case of a uniform axial compression in the film (here referred to as uniform wrinkling), the profile of the thin wrinkled film is a sinusoidal wave (A sinðkxÞ) with the same wavelength (k) and amplitude (A) everywhere (Fig. 1) . Wrinkling can be modeled as an eigenvalue problem using beam theory for the thin film and an Airy stress function analysis for the substrate, taking both materials to be linear elastic. The effect of the buckled film on the substrate and vice versa is modeled as a distributed load at the substrate surface to determine the surface traction [7] . This simplified model results in a fourth-order ordinary differential equation (ODE) for the wrinkle profile, and, by assuming a sinusoidal profile, the ODE can be solved for the critical strain (Eq. (1)) and critical wavelength (Eq. (2)) at which wrinkling initiates. The analytical solution of the resulting governing equation in uniform wrinkling confirms the scaling laws found earlier [7] [8] [9] 11] .
Using a simple kinematic model also referred to as the "accordion model," the amplitude of the waves after initiation of the wrinkles can be found. This model assumes the contour length of the film to be constant [11] .
Equation (3) is valid for small imposed strains, and under finite deformation, the amplitude and the wavelength can be approximately found from Eqs. (4) and (5) [10, 11] .
Graded Uniaxial Wrinkling
A stress gradient can be induced by either a geometric gradient, an inclusion, or other inhomogeneity. A gradient causes the wrinkles to change from a uniform waveform to a graded wrinkle where the amplitude and/or the wavelength of the wrinkles are not constant along the length of the film. Here, the case of a stress gradient induced by an axial geometry gradient is analyzed. Figure 2 depicts a schematic of a linearly tapered geometry with taper angle h and a uniform geometry subjected to an axial load, both having constant film thickness. The ratio of g ¼ L/b L is the size of the rectangle bounding either the uniform or tapered geometries. In case of the trapezoid, the combination of tan h and L/b L would be sufficient to define the geometry completely. The axial force in the film, P f , is constant as a function of axial position x, but the axial stress varies.
Similar to the analytical modeling for the case of uniform wrinkling [7, 8] , analysis of the graded wrinkling is performed using the eigenvalue problem that results from the equilibrium equations for the thin film and the soft substrate. The thin film is modeled as a linear elastic plate of E f , bonded to a half space of another linear elastic material (E s < E f ). The effect of the film on the substrate is represented as a distributed traction (r zz ) on the plate surface, and vice versa. The general form of the governing equation for wrinkling of the film can be presented as in the following equation:
where P f is the compressive load on the film, w is the displacement of the film in the z direction, E f is the Young's modulus of the film, and b(x) is the width of the film. Based on the form of solution found in uniform wrinkling, it can be assumed that the distributed load in the graded case has a form of
where C is found using the equilibrium equations for the substrate (without knowing the exact function for w). Therefore, in the case of the tapered geometry, the eigenvalue equation can be rewritten as
with
where K is the eigenvalue, and b L (Fig. 2(c) ) is the largest width of the film which is at x ¼ L. (Detailed solution to the eigenvalue problem in Eq. (9) is presented in the Appendix.) Thus, the critical eigenvalue corresponding to the onset of buckling is found to be (Eq. (11))
where g ¼ L/b L . At the limit of K ! 1 or g tan h ! 0 (i.e., the trapezoid is a rectangle), Eq. (11) will reduce to the critical eigenvalue found in the analysis for uniform wrinkling K cr;uniform ¼ 1=tð3E s =E f Þ 1=3 which is inversely proportional to the critical wavelength reported in Eq. (2) . The nondimensional geometric expression K (in Eq. (12)), which shows up in Eq. (11) , can be used to compare different graded geometries.
We note that K depends on b 0 /b L and also note that b 0 =b L ¼ 1 À 2 tan h g. We will focus on the effect of the two nondimensional geometric parameters tanðhÞ and g separately and together in the form of K on graded wrinkling. The solution to the eigenvalue problem can be found to be of the form of a Bessel function of the first kind (J 1 ) as shown in Eq. (13), where the geometric parameter, K, is included through presence of the eigenvalue, K cr , in the equation
The first term in Eq. (13) can be used to find the critical wavelength in graded wrinkling numerically; the results of the calculations are presented in Sec. 6.2. For comparison, stress and strain profiles in the film prior to wrinkling are presented together with eigenvalues. Taking the case of a thin film bonded to a substrate where the cross-sectional area of the film and the substrate ( Fig. 2 (b) and subject to compression results in a uniform stress and strain distribution over the length of the film. Thus, the film will wrinkle in a uniform sinusoidal wave upon reaching a critical stress, and the wrinkles will have the same amplitude and wavelength [7, 8] . However, a cross-sectional geometry with a gradient will produce a nonconstant stress (Eq. (6)) and strain distribution over the length of the film, and thus wrinkles will not be uniform. Under the same imposed displacement (d), prior to wrinkling, the strain distribution in a uniform (Eq. (14)) and trapezoidal geometry (Eq. (15)) is found to be
and
respectively. Since the macroscopic strain in both cases is e macro ¼ d/L, then in uniform wrinkling the ratio of the strain to the macroscopic strain would be one, while in graded wrinkling it will have a form as in the following equation:
The ratio of the strain distributions to the macroscopic strains is presented in Fig. 3 (a) for the uniform geometry (K ¼ 1) and graded geometry for the cases with K ¼ 0.82 and K ¼ 0.91. A plot of the decrease of the normalized eigenvalue (K cr /K cr,uniform ) versus g tanðhÞ and versus tan h for various values of g are shown in Figs. 3(b) and 3(c) together with ðK cr =K cr;uniform Þ À1 ( Fig. 3(d) ), which can be considered as a normalized characteristic length.
Finite Element Analysis
Graded wrinkling was also studied extensively through finite element modeling (FEM). For this purpose, the finite element software ABAQUS was used. In the models, the thickness of the stiff film and the ratio of Young's modulus of the materials were kept constant, and only the geometry of the model (specifically the K parameter) was varied by changing the taper angle (h- Fig. 2(c) ) while keeping g ¼ L/b L constant and equal of 5/3. The length of the thin film was chosen to be L ¼ 200t, and E f /E s is set to 100. The model was compressed to a macroscopic strain of 4% (to avoid going into the nonlinear regime) where the critical strain for the uniform case is 2.4%.
In this study, stress and strain profiles were extracted at different cross-sectional lines (z ¼ 0, z ¼ t/4, z ¼ t/2) along the length (x direction) of the film, as shown in Fig. 4 . At strains higher than the critical strain, the stress and strain distributions in the thin film are dominated by bending, and therefore, the stress and strain profiles along different lines will be different. This difference is used in defining the wavelength in graded wrinkling.
Experimental Method
Wrinkled surfaces were fabricated following the methods provided in Ref. [10] . Polydimethylsiloxane substrates (E PDMS % 450 kPa) of thickness of approximately 2 mm were prepared and cut into symmetric trapezoidal geometries (shown in Fig. 5) . The substrates were then prestretched to 20% and placed in a vacuum reactor for coating, using initiated-chemical vapor deposition (iCVD). The substrates were coated with iCVD poly(-ethylene glycol diacrylate) (pEGDA, E pEGDA % 775 MPa and t % 400 nm) as detailed previously in Ref. [10] , and after that, the prestretch was released, putting the film under compression and thus wrinkles were formed. Trapezoidal samples were prepared with different taper angles (h) and constant g ¼ 25/12 and thus different values of the K parameter.
The profiles of the wrinkled surfaces were obtained using a Zeta-20 optical profilometer, which gives a three-dimensional image of the surface pattern as well as measuring different dimensions that can be captured in the image [10] . As a result, it is possible to get images of the top view of the wrinkled pattern as well as a three-dimensional view of the same surface [10] . In order to examine the wavelengths and the amplitudes, in each sample, three representative areas were chosen, and the wavelengths and the amplitudes of the waves were measured in those areas. These areas, which represent regions with "largest width (region 1)," "medium width (region 2)," and "smallest width (region 3)," are chosen in arbitrary positions in the corresponding areas (see Fig. 5 ).
Results
6.1 Critical Strain: Analytical Versus FEM. The conditions to initiate wrinkling in the graded case are first examined. The local critical macroscopic strain (at the smallest width of the film (i.e., b(x ¼ 0) ¼ b 0 )) required to initiate wrinkles is found to increase with an increase in the taper angle (i.e., a greater gradient requires a greater strain to initiate wrinkling). Using the critical eigenvalue in Eq. (11) and substituting back into the definition of the eigenvalue presented in Eq. (9), the critical load at which the buckling occurs can be found. Here, the critical load has been nondimensionalized with the Young's modulus of the film as well as the smallest cross-sectional area (where stress is the highest),
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Again at the limit of K ! 1 or ðg tan hÞ ! 0, Eq. (17) will reduce into the expression found for the critical strain in uniform wrinkling.
The results from the finite element post-buckling analysis were used to confirm the analytical solution in Eq. (17) . In order to do so, strain data (e xx ) from the region of the smallest width of the film (b(x ¼ 0) ¼ b 0 ) were used. Figure 6 shows excellent agreement between the analytical model and the finite element results showing the predictive ability of the analysis, and that with an increase in the taper angle, an increase in the local macroscopic strain at the smallest width of the film, b 0 , is needed to initiate wrinkling. Note that since the number of the data points used is limited, an average of the values of the data points close to the transition (from compression to buckling) in the finite element results is used. The error bars show the difference between the average values and the values of the data points in the transition region.
6.2 Critical Wavelength and Wrinkle Evolution: FEM. In uniform wrinkling, wrinkles initiate over the entire length when Fig. 4 Longitudinal cross section of the film; the centerline of the film is referenced as z 5 0, and distances are measured from the centerline. Note that film is in compression and buckling, and hence the neutral axis is not central. the critical strain is reached, and the amplitude of each wrinkle increases in the same manner as the macroscopic compressive strain increases. However, a graded geometry creates a nonconstant stress distribution over the length of the film, and thus the wrinkles will not initiate or evolve uniformly over the length.
The evolution plots for uniform wrinkling and for graded wrinkling of a trapezoidal geometry with K ¼ 0.82 (result of the finite element analysis) are shown in Fig. 7 . The main observations regarding wrinkle evolution are: first, graded wrinkling is a sequential process, meaning that waves initiate along the length in a progressive manner with increasing macroscopic strain. Second, the first wave initiates at the point where the stress is the highest (i.e., the shortest edge (smallest width) of the trapezoid) as expected. Lastly, as the new waves appear with increasing macroscopic strain, the amplitude of the earlier waves increase, and their wavelengths decrease in a manner as expected from the accordion model.
During the sequential formation of graded wrinkling, as different locations along the length reach the critical stress, they start to undergo wrinkling and waves initiate at their critical wavelengths. The critical wavelength of each of the waves can be found using the strain profiles at different macroscopic strains. Figure 8 shows that the critical wavelength of each of the sequentially initiated waves is the same. In addition, as the compressive strain on the film increases, the waves that initiated earlier keep increasing in amplitude, and at the same time their wavelengths decrease. As shown in Fig. 8 , k/t of the third wave decreases by 0.9% as the compressive 2.9% to 3.7% for the case of K ¼ 0.82.
The profile of graded wrinkle cases with K ¼ 0.91 and K ¼ 0.82 as well as the corresponding uniform wrinkles are shown in Fig.  9 . Noting from Eq. (16) that the compressive strain varies with position (x) in the graded geometry, in turn, the Poisson effect on the out-of-plane expansion of the substrate je yy j ¼ f je xx j leads to a gradient in the out-of-plane translation of the film (here, direction z) which are shown with dashed lines on the figures.
The critical wavelength as defined for uniform wrinkling is the wavelength at which wrinkling initiates. Using the strain profiles at different time frames shows that the critical wavelength of each of the consequent waves is the same as the critical wavelength of the initial wave. In Fig. 8 , the strain profiles of a wrinkled film at different macroscopic strains are shown, where the critical wavelengths of the waves that are just initiating are specified. As it is seen, the critical wavelength stays constant as the film goes through the sequential wrinkling process, showing that the critical wavelength is independent of position (i.e., x).
Another aspect of critical wavelength in graded wrinkling is the fact that it is dependent on the geometry gradient (K). As it is seen in Fig. 10 , the critical wavelengths of trapezoidal films with different taper angles show a modest increase as the taper angle increases (g constant) or the K parameter decreases. In other words, the increase in the taper angle gives an increase in the stress gradient within the film, which, in turn, gives an increase in the critical wavelength. Additionally, Eq. (13) can be used to numerically calculate the critical wavelength using the theory. The results of the theory are also shown in Fig. 10 .
To further illustrate the graded phenomenon, the finite element result of the strain profiles of two wrinkled surfaces after undergoing 4% of macroscopic strain is presented in Fig. 11 . While a uniform geometry under compression results in a sinusoidal strain distribution ( Fig. 11(a) ), the tapered geometries change the strain profile of the wrinkles into waves with higher amplitude at the smaller width (where the stress in the film is the highest) and lowest amplitude at the largest width (where the stress in the film is the lowest). Note that the wavelength is nearly constant along the length, only varying modestly due to the accordion effect (applied to each wave).
As indicated earlier, the amplitudes and wavelengths of the wrinkled surface are dependent upon the stress gradient. The finite element results of Figs. 12 and 13 show the evolution and the distribution in amplitude with macroscopic strain for the tapered geometries of Fig. 9 , showing the gradient in wavelength and amplitude for K of 0.91 and 0.82. These results of Figs. 12 and 13 show that wrinkling progressively encompasses more of the film length as the macroscopic strain increases. They also show that the gradient in wrinkle amplitude over the length decreases with an increase in macroscopic strain: for K ¼ 0.91, the gradient decreases by a factor of 5 as the strain increases from 2.9% to 4%; for K ¼ 0.82, the gradient decreases by a factor of 3 as the strain increases from 2.9% to 4%.
Wrinkle Profiles:
Experiments. Graded wrinkling was experimentally examined for the case of K of 0.91, 0.82, and 0.72 for the films described earlier where e macro ¼ 20%. Results are presented in Fig. 14 Figure 14 shows the wrinkle profile measures for the case of K ¼ 0.72 in regions 1-3. In region 1 (lowest local strain and stress), k % 27.2 lm and A % 3.12 lm; region 2, k % 24.4 lm and A % 3.35 lm; region 3 (highest local strain and stress), k % 23.1 lm and A % 3.86 lm-showing the gradient in wavelength and amplitude, noting that the ratios of the local strain prior to wrinkling in the regions are as e 1 : e 2 : e 3 % 0.7:0.85:1. Table 1 reveals the wavelength and amplitude gradient to increase with a decrease in K. The case of K ¼ 0.91 does not exhibit a gradient noting this is close to K ¼ 1 which is the uniform case. Additionally, the finite element results in Sec. 6.2 showed that increase in the macroscopic strain results in reduction in the amplitude gradient along the length, and therefore with e macro ¼ 20% the ratio of the amplitudes of the waves in regions 1 and 2 to the largest amplitude (region 3) in all the cases is larger than the values presented in Figs. 12 and 13. It should also be noted that the analytical calculations only capture the critical point at which wrinkling is initiated, and as mentioned earlier finite element results are for small strains (up to 4% to avoid any nonlinear effects. Thus, only the trends in the amplitude and wavelength are compared with the theory and finite element results.
Conclusion
The ability to form surfaces with well-structured graded wrinkles via geometrically tailoring the uniaxial strain gradient in the film was shown through theory, numerical simulation, and experiment. Due to the geometric gradient in the film, the compressive strain and stress along the length of the film can be tailored to preferentially initiate wrinkling in different positions and provide an evolution in the cascading initiation of new wrinkles combined with the amplification of wrinkles that previously initiated. The geometric gradient provides a gradient in the initiation and the progression of the wrinkles. This gradient effect was quantitatively examined for linearly tapered geometries. For illustration, two examples of the same linear taper in geometry and the corresponding wrinkle profiles are shown in Fig. 15 together with the counterpart uniform case.
The initial wavelength and the critical strain under graded conditions are found to increase with an increase in gradient, but this critical wavelength is found to be the same along the length of the film. Hence, for well-structured gradients such as these linearly tapered geometries, the sequential initiation and progressive amplification of wrinkling along the length provide a highly structured evolution in wrinkling which can be used to tune surface properties both spatially and with macroscopic loading. More complex strain gradients can be designed to provide for more tailored graded wrinkle topologies. 
Appendix: Solution of the Eigenvalue Problem
The governing equation of the thin film on the large elastic substrate using the beam theory which is the result of the equilibrium equation of the thin film and the distribution of the reaction of the substrate on the film are shown in the following equation (Fig. 16 ):
Thus, substituting the substrate reactions into the governing equation results in the eigenvalue (K) problem (Eq. (A2))
In order to find C, the equilibrium equation for the substrate should be used. However, for such a nonuniform geometry, it is not possible to use the biharmonic equation and the stress function as defined in the uniform case [7, 8] . In the uniform case, the substrate is assumed to have a response in the x-z plane, and the effect of the width of the substrate would cancel out since it is constant everywhere. However, in the graded wrinkling, the width is not constant, and thus the equilibrium equations will not be the same as the ones in uniform wrinkling. Using the free body Table 1 Amplitude and wavelength of the wrinkles in the graded geometry with different values of K and e macro 5 20%. Regions 1-3 correspond to the regions shown in Fig. 5 . Transactions of the ASME diagram of a strip element of the substrate, equilibrium equations can be found, and then combining their derivatives reduces the two equilibrium equations into the following equation:
Due to b(x) varying, a modified stress function can be defined as in the following equation:
Assuming that the stress in the transverse direction is negligible (r yy ¼ 0), then the strains in the substrate can be defined as e xx ¼ 1=E s ðr xx À s r zz Þ; e zz ¼ 1=E s ðr zz À s r xx Þ; exz ¼ 1=G s r xz . Thus, combining Eq. (A3), Eq. (A4), and strain definitions with the compatibility equations, it can be shown that the modified stress function (U) satisfies the biharmonic equation (r 2 r 2 U ¼0). So, in order to find the stress state in the substrate, U should be found. Using the assumption in Eq. (A1) and combining with the definition in Eq. (A4), U can be related to the downward displacement of the film, known as w(x) with @ 2 U=@x 2 ¼ C@ 2 w=@x 2 . Knowing the value of r zz on top of the substrate, it is assumed that the expression for the stress can be expanded to the entire substrate by just multiplying by a function g(x, z). This function should have a value of 1 on the top surface (z ¼ 0) and decay away as z goes toward infinity. Therefore, r zz in the substrate can be defined as Eq. (A5) (similar to the uniform case), and thus the modified stress function can be found to be
This form of a modified stress function satisfies the boundary condition of having no shear stress on the interface between the film and the substrate. In order to find C, the boundary condition of the substrate having the same displacement as the film at the interface (z ¼ 0) is used. Knowing that the argument in the exponential should be dimensionless, with similar assumptions as the ones in uniform wrinkling, it can be assumed that a ¼ Kðð2 tanðhÞLÞ=ðb L lnðb L =b 0 ÞÞÞ 3=2 ðb L =b 0 Þ 2 , and thus the modified stress function can be rewritten as 
Therefore, the critical load can be found by minimizing the load with respect to the eigenvalue, and thus the critical eigenvalue and the critical load in graded wrinkling are found to be Now, in order to find the shape of the wrinkle profiles, Eq. (A1) should be solved. For solving the equation, intermediate variables are introduced
Substituting the two new variables into the general form gives
The integral can be solved to take the form of Eq. (A15) as
